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Abstract. This paper invents the notion of torified varieties: A torification of a scheme 
is a decomposition of the scheme into split tori. A torified variety is a reduced scheme 
of finite type over Z that admits a torification. Toric varieties, split Chevalley schemes 
and flag varieties are examples of this type of scheme. Given a torified variety whose 
torification is compatible with an affine open covering, we construct a gadget in the sense 
of Connes-Consani and an object in the sense of Soule and show that both are varieties over 
Fi in the corresponding notion. Since toric varieties and split Chevalley schemes satisfy 
the compatibility condition, we shed new light on all examples of varieties over Fi in the 
literature so far. Furthermore, we compare Connes-Consani's geometry, Soule's geometry 
and Deitmar's geometry, and we discuss to what extent Chevalley groups can be realized 
as group objects over Fi in the given categories. 
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Introduction 

A study seminar on Fi, which was held at the Max Planck Institute for Mathematics 
in Bonn in fall 2008, led to several discussions about the possibilities and limitations of 
the various notions of geometries over Fi that were produced in recent years. This paper 
subsumes the most relevant thoughts of those discussions. It was possible to establish 
a good part of varieties over Fi in the notion of Soule, which was further developed by 
Connes and Consani. While the philosopher's stone regarding Fi -geometries is not found 
yet, there will be many examples and remarks disclosing problems of the recent theories 
and hinting at directions one might try to go. 

The idea of constructing objects over a "field with one element" goes back to Tits in 
II23I . where the question about the interpretation of Weyl groups as "Chevalley groups 
over Fi" is posed. In recent years, a number of papers (|18|, [22J, 161, 0, EH, IJl, 
is, mi, II20I . H, . . . ) on the topic have appeared, deahng mostly with the problem of 
defining a suitable notion of algebraic geometry over such an elusive object. Several non 
equivalent approaches have been tried, for instance Durov (cf. [9J) and Shai-Haran (cf. 
ET\ ) enlarged the category of schemes to obtain the spectrum of Fi in place of Spec Z 
as final object, Deitmar mimicked scheme theory using monoids (i.e. commutative semi- 
groups with 1) in the place of commutative rings (cf. [5, 6 , 7|), whereas Toen and Vaquie 
(cf. EH) described a categorical approach in terms of functors on monoids. There is also 
a more recent approach by Connes and Consani (cf. pl) combining these viewpoints. 

Soule proposed in [22 1 that varieties over Fi should be functors that admit a base ex- 
tension to Z. He gave a precise realization by considering functors from the category of 
flat rings of finite type over Z to the category of finite sets together with an evaluation, 
i.e. a natural transformation from this functor to the functor of homomorphisms from a 
fixed complex algebra to the complexification of the given ring. Soule showed that smooth 
toric varieties admit a model over Fi in his notion. This approach was further developed 
by Connes and Consani in 1 3 1 by exchanging flat finite rings by finite abelian groups and 
doing some further refinements. They mention that Soule's method of establishing smooth 
toric varieties over Fi still works and they demonstrate this in the case of the multiplica- 
tive group scheme, affine space and projective space. However, their focus is on Chevalley 
schemes. To be precise, Connes and Consani establish split Chevalley schemes as varieties 
over ¥i2. 

In the present work, we generalize methods to show that all reduced schemes of finite 
type over Z that admit a decomposition by algebraic tori, dubbed torified varieties, have 
a model over Fi in both Soule's and Connes-Consani's notion-provided they admit an 
open affine cover compatible with the decomposition. This class of schemes includes toric 
varieties and split Chevalley schemes, which covers all examples in the literature so far. 
Grassmannians and flag varieties are torified varieties as well, but in general, they lack 
the extra condition of having a compatible atlas, which is necessary to define the base 
extension to Z in the given notions. However, the class of torified varieties could be a 
leading example for the development of new notions of geometries over Fi. 

Furthermore, we connect Deitmar's viewpoint (|5|) with the previous. Namely, we 
construct an embedding of Deitmar's category of schemes over Fi that base extend to 
integral schemes of finite type over Z into the category of varieties over Fi. We also 
compare the two notions of varieties over Fi, which seem to produce similar theories 
except for one remarkable difference: Chevalley groups are more likely to be a variety 
over Fi after Soule than they are after Connes-Consani (see Remark [6. 1.21 ). We show, 
however, that Sl(2) cannot be established as a group object in either notion. 

The paper is organized as follows. In section[T] we introduce the notion of torification 
of a scheme X as a finite family of immersions {ipi : Ti ^ X} such that every Ti is a 
split torus over Z and every geometric point of X factorizes through exactly one of such 
immersions. We consider schemes with torification together with morphisms that respect 
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the torifications, called torified morphisms . We describe the zeta function of a torified 
variety over Fi and provide a list of examples of torified varieties. 

In section 12] we recall the notion of Connes-Consani's gadgets and varieties over Fi, 
and show how to associate a gadget C{X, T) to every torified variety X endowed with a 
torification T. We prove in Theorem 12 . 1 01 that this gadget is actually a variety providing 
an Fi -model for X whenever the torification is compatible with an affine open cover. In 
particular, this result extends the one by Connes and Consani by realizing split Chevalley 
schemes over Fi (and not only over F12). 

In section[3l we recall Soule's approach to Fi geometry. We show in Theorem l3 . 1 1 I that 
the previous result (Theorem l2.10b . mutatis mutandis, also holds in this case. 

In sectionlH we recall the notion of Deitmar's schemes over Fi, and refine the equiva- 
lence between the category of toric varieties and the category of schemes over Fi that base 
extend to connected integral schemes of finite type over Z. 

In section|5l we compare the three aforementioned notions of geometries over the field 
with one element by establishing functors between them. Deitmar's theory can be embed- 
ded into both the theory of Soule and the theory of Connes and Consani. There are further 
several ways to go from Connes-Consani's world to Soule's world and back, but it is not 
clear if they compare one-to-one as we discuss in section |531 We summarize these results 
in the diagram of Theorem lS.llI 

We conclude the paper with remarks showing the boundaries of Soule's and Connes- 
Consani's geometries, mainly the impossibility of obtaining the group operation of Cheval- 
ley schemes as a morphism over Fi. Further we recollect some thoughts that might even- 
tually lead to new approaches to Fi geometries in future works. 

Acknowledgments: The authors would like to thank all people that participated in the 
Fi study seminar and attended the various discussions, in particular Peter Arndt, Pierre- 
Emmanuel Chaput, Bram Mesland and Frederic Paugam for providing interesting lectures 
at the seminar and participating on stimulating discussions. We also thank the Max-Planck 
Institut fiir Mathematik in Bonn for support and hospitality and for providing excellent 
working conditions. 



1. Torified varieties 

1.1. The category of torified schemes. In this section, we will establish the definition of 
torified schemes and show some basic properties. If X and S are schemes over Z, we will 
denote by X{S) := Hom(S', X) the set of 5-points of X. The underlying topological 
space of X will be denoted by Ar*°P, its structure sheaf by Ox, and the stalk at a point 

xeX'°P by Ox,x- 

Definition 1.1. Given a scheme X, a decomposition of X consists of a family {ipi : Yi 
X}.i^i of immersions of nonempty schemes Yi into X such that for every geometric point 
p = Spec X there exists a unique i E I and a unique map p ^ Yi factorizing 

p — > X, i.e. making the following diagram commutative; 




X. 



In other words, for every algebraically closed field il the map ]J (pi{il) : ]J Yi{^) — * 

o 

X{il) is a bijection. If this is the case, we will write for short X — JJF^. This property 
implies the following result: 

o 

Lemma 1.2. Let X = JJY^ be a decomposition of the scheme X, and let S be a scheme 
overZ,; then the map Y[Yi{S) X{S) is injective. Moreover, if S = Speck for a field 
k, it is a bijection. 
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Proof. The result is immediate if S is the empty scheme, so we will assume that S is 



nonempty. Let ipi : S - 
i.e. the diagram 



Yi and 1^2 ■ S ^Yj he two S'-points such that ipiotp^ = ipj o ipj. 




commutes. If we consider a geometric point p = 
is nonempty, we have a connmutative diagram 



S of S, which exists since S 




-~~tY, 



where the dashed arrows are defined by composition. Thus, we found factorizations through 
Yi and Yj of the morphism p ^ ; by the universal property of a decomposition we obtain 
that these factorizations must be equal, and hence i = j. So, topologically we have that 
the maps ipl°^ o tpl°^ and if*"^ o tjj^^ coincide, and since tpi is an immersion for i = 1,2, 
wehaveVr^ = V;2°^. 

On the algebraic side, we have two equal morphisms of sheaves: 



where (pf is surjective, and thus ipf = tpf. Hence, tpi = ip2, which proves the desired 
injectivity. 

Assume now that S = Spec k for some field k, and let ft some algebraically closed field 
containing k, then we have a map p = Spec f2 — > q = Spec k. Consider a point g — > X 
of X{k). By the decomposition property we obtain the connmutative diagram 



Y, 



■ X. 



As topological spaces, p*°^ and q*°P are homeomorphic, since they both consist of a single 
point, so the above diagram factorizes, at the topological level, through a map q*°'P y*"^. 
On the algebraic level, we get the corresponding diagram 



0- 



K- 



O 



O 



Yi,y 



■0, 



where x and y stand, respectively, for the images of p*°P ~ q^°P in X and Y^; and K 
denotes the kernel of the map of the corresponding stalks Ox,x C>Y,,y 

Now, since OYi,y = Ox,x/K, the map Oy;,^ — > ^ factorizes through k if and only if 
the composed map if — > fc is identically zero. Since the map K ^ coincides with the 
composition K — > Ox,x OYi,y — > ^ and the map fc — > O is injective, also the map 
K ^ k must be equal to zero, and thus OYi,y — > ^ factorizes through k: 



O 



X,x 




Yi,v 



This gives us the desired element in ]J (fc), proving surjectivity when fc is a field. □ 
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Corollary 1.3. IfX = Uie/^j ^ scheme of finite type over Z, then the set I is finite. 
Proof. Let k be any finite field, then we have 



o 

If X = Uig/i^ is a decomposition of X, we will consider the subset 
/" := {i G I\ ipi is an open immersion}. 

o 

Lemma 1.4. Let X = Yliei^'- The following properties hold true: 

(1) The map U^^j Y^"^ — > is a continuous bijection. 

(2) The cardinality of I" coincides with the number of irreducible components ofX. 

Proof. 

(1) : This follows from the universal property of the decomposition, taking into account 
that every point of X*°p is the image of some geometric point Spec Vl ^ X. 

(2) : Open immersions are in one to one correspondence with the generic points of X, so 
the result follows from ( 1 ) . □ 

o 

Definition 1.5. A scheme X is torified if it has a decomposition ^ = U^g/Ti, where for 
each i ^ I we have Ti isomorphic to GJ^ (as algebraic groups) for di G N. In this case we 
will say that T = {ipi : Ti X} is a torification of X. K torified variety is a torified 

o 

scheme that is reduced and of finite type over Z. A torification X = Uie/^« i^ cffine if 
there is an affine open cover {Uj} of X respecting the torification, i.e. for each j there is a 

o 

subset Ij C I satisfying that Uj = Uie/^^j- 

We will denote by {X, T) the scheme X with a fixed torification T when needed, though 
often we will denote {X, T) simply by X when there is no risk of confusion. 

Definition 1.6. A torified morphism $ : (X, T) — > (y, S) between torified schemes X 
and Y with torifications T = {Ti ^ X}i^i and S = {Sj ^ Y}j^j, respectively, is a 
triple i> = {ip, (f, {(fiijiei) where 

• : X — > y is a morphism of schemes, 

• : / — > J is a set map, and 

• ipi : Ti ^ S^p^i) are morphisms of algebraic groups such that for all i e / the 
diagram 




commutes. 

An affinely torified morphism is a torified morphism $ : {X, T) — > {Y, S) between 

affinely torified schemes (X, T) and (Y, S) such that there is an affine open cover {Uj} of 
X respecting the torification T such that for every j, the image of Uj under $ is an affine 
subscheme of Y. 

The category of torified schemes consists of torified schemes together with torified mor- 
phisms. The category of torified varieties is defined as the full subcategory of the category 
of torified schemes. The category of affinely torified varieties is defined as the category of 
affinely torified varieties together with affinely torified morphisms. 
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Lemma 1.7. Let X, Y be (affinely) torified schemes over Z, then the cartesian product 
X X Y is also (affinely) torified. 

o o 

Proof. If X — Ujg/Ti and Y = Uje j^j '^^^ (affine) torifications of X and Y, then we 

o 

have that X xY = j-^^^j-^jTi x Sj is an (affine) torification of X x y. □ 

o 

Lemma 1.8. If X — Yli^jXi is a decomposition of X into torified schemes Xi, then X is 
also torified. 

o o 

Proof. If for each Xi we have Xi — Uje/^j' '^^en IJ^gU j "^^ ^ torification of 

X. ' ^ □ 

1 .2. Zeta functions over Fi. One expects a certain zeta function of a geometric object 
X over Fi that actually does not depend on the particular geometry, but is the "limit q goes 
to 1" of the zeta functions of the base extensions Xf — X (gjpj F^. We recall the precise 
notion of a zeta function over Fi and calculate it in the case that X Z is a torified 
variety. 

Assume that there is a polynomial N{T) e Z[T] such that N{q) = =^Xr^{¥q) when- 
ever g is a prime power. This polynomial is called the counting function of X. Using the 
formal power series 



Ziq,T) :=exp (^iV(9'^)T7r 
we define the zeta function of X as 



Cx{s) := limZ(g,g-'')(g-l)^W . 

q^l 

We have the following result. 

Theorem 1.9 (Soule). The function Cx{s) is a rational function with integral coefficients. 
Moreover, if N{x) = oq + aix + • ■ • + adx'^, then we have 



Proposition 1.10. Let X — ]jTi be a torified variety. Put := {i e I\ dimTi = 1} 
and Si := Then X has a counting function, which is given by 

dim X 

N{q)^ 5i{q~iy eZ[q]. 

1=0 

In particular, the numbers Si are independent from the chosen torification of X. 

Proof. The form of the counting function follows from #(G5„(Fq) ~ {q — 1)' and from 
Lemma [l~2l The independence of the Si from the torification can be seen as follows. Let 
T and S be two torifications of X, and denote by Nt (q) and Ns (q) the corresponding 
counting functions. For every finite field F, we have 

Nriq) = # (U^'(IF«)) = = # (II^,(F,)) = Nsiq), 

so Nriq) and Ns{q) coincide in an infinite number of values, and henceforth they must be 
equal as polynomials. □ 
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With this, we can calculate the zeta function for a model X of a torified variety over Fi . 
Let the numbers Si be defined as in the proposition. Then 

dim X dim X /dim X //X \ 

N{q) ^ Y.^dq-iy - E E(-i)'"Mj^O'^'' 

/=0 /=0 \ k=l ^ ^ / 

from where we can compute the zeta function of a torified variety by applying Theorem 
11.91 It is possible to recover all examples of zeta functions in 1 16] by this method since all 
these examples concern torified varieties as explained in the following example section. 

1.3. Examples of torified varieties. 

1.3.1. Tori and the multiplicative group. \f X ^ Gf„ is a product of multiplicative groups, 
it admits the obvious torification given by the identity map GJ^j X. 

1.3.2. The qffine spaces A". The affine Une admits a torification = G^^IIG^, obtained 
by choosing any point as the image of Gj^ and identifying its complement with G^. 

By applying Lemma [L7l and taking into account that GJ^ x G^„ = GJ^" we obtain a 
torification of the affine spaces by 

A" = G^ n n(Gl n • ■ • n Q Gl n • . • n g;^ , 

where by rGJ^ we mean that we get r different copies of the torus Gf„. 

1.3.3. Toric varieties. As a general reference for toric varieties consider ifTTI or ifTTll . We 
introduce the notation for toric varieties that is frequently used in this paper. Let A be a 
fan, i.e. a family of cones ordered by inclusion such that the faces of a cone in A are in 
A and such that the intersection of two cones in A is a face of each of the cones (cones 
are always assumed to be embedded in R" and to be strictly convex and rational). To a 
cone T C K" of A, we associate the semi-group Ar — t"^ O (Z")^, where C (R")^ is 
the dual cone of r and (Z")^ is the dual lattice to Z" in the standard basis of R". We put 
Ur = SpecZ[^T-]. An inclusion r C t' defines an inclusion of semi-groups Ar' C At 
and an open immersion of schemes Ur ^ Ur' ■ Then the toric variety X associated to A 
is the direct limit of the family {Ur}reA relative to the immersions Ur ^ Ur'- In the 
following, we will always consider toric varieties X together with a fixed fan A. 

A morphism A ^ A' of fans of toric varieties X and X', respectively, is map tp be- 
tween ordered sets together with a direct system of semi-group morphisms ipr : t ^ iIj{t) 
(with respect to inclusion of cones) whose dual morphisms restrict to tp^ ■ ^^(t) ^ ^t, 
where t ranges through A. Taking the direct limit over the system of scheme morphisms 
SpecZ[-!/'^] : Ur ^4:{t) yields a morphism ip : X ^ X' between toric varieties. A 

triple (V', ■0, {V't}) like this is called a toric morphism. The category of toric varieties 
consists of toric varieties over Z together with toric morphisms. 

Let X be a toric variety with fan A. Let A^ be the group of invertible elements of Ar, 
then the algebra morphism 

Z[Ar] Z[A^] 

(a if a e , 
" ^ \ ifaeAr\A^ 

defines an immersion of the torus Tr = Spec Z[A^] into Ur C X, and we obtain the well- 
known decomposition of X into tori Tr (cf. H] §4, Prop. 2], lITTl §3.1] or ifTTl Proposition 
2,2,14]), that in our formulation reads as follows: 

Proposition l.f f . The family Ta = {TV ^ X}reA is a torification of X. 

Given a toric morphism {tp, ip, {V't}) : {X, A) {X', A'), we obtain a torified mor- 
phism ((p, ip, {(fir}) : {X, Ta) — > (X', Ta') as follows: 
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• ip = iP: X ^ X', 

• (f = 4i : A A', 

• since the map -01- : ^^(^.j ^ preserves units, it restricts to a map ^^^^^ , 
and therefore it induces a homomorphism of tori ipr SpecZ[?/'^] : Tr 

Remark 1.12. The triple (ip, if, {fr}) ■ (X, Ta) — » {X', Ta') is indeed a torified mor- 
phism: the diagram 

v 

X ^X' 



commutes because 

X ^X' 



SpocZli/-^] 

does. 

Since {Ur} is an affine open cover that is compatible with the torification that we have 
constructed and since every toric morphism is covered by morphisms between affine open 
toric subvarieties, we have the following result. 

Proposition 1.13. The torifications associated to toric varieties are affine, and the mor- 
phisms associated to toric morphisms are affinely torified. 

1.3.4. Grassmannians and their Schubert varieties. For a couple of positive integers < 
k < n, the Grassmann variety Gx{k, n) — Grfc(A") is defined as the variety of fc-planes 
in the affine space A" (cf. US Chapter 14]). 

The Grassmann varieties admit a nice decomposition in Schubert cells (cf. fT? Chapter 
l.§5] and [|13. Chapter 14, §6]) indexed by the set of multi-indices 

Ik,n := {i (ii, 42, ■ • ■ 1 < ii < 42 < • • • < ifc < n}, 

partially ordered by (n,i2, • ■ • ,«fe) < (ji,i2, • ■ • ,ife) if and only if i; < ji for I = 
1, . . . , fc. To each element i of „ we can associate the Schubert variety Xi and the 
Schubert cell Ci. The Schubert varieties give a stratification of the Grassmannian, with 
Xi_ C Xj if and only if i < j, we have Gr(fc, n) = Xi^, where i,„ — {n — k + 1, . . . ,n). 
Moreover, we have the following result (see 113 Chapter l.§5] for details): 

Tlieorem 1.14 (Schubert decomposition). Each Schubert cell Cj^ is an affine space of di- 
mension dimCi — X]t=i(** ^ ondwe have the cell decomposition 

o 

As an immediate consequence, applying Lemma [L8l and the previous example, we ob- 
tain a torification for all Schubert varieties, and in particular for the Grassmann varieties. 

Example 1.15. Let us illustrate this example in the particular case of the Grassmannian 
Gr(2, 4). This example is of particular interest in connection with the open problem of 
realizing Gr(2, 4) as a variety over Fi, which was posed by Soule in ll22l section 5.4]. For 
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(3,4) 



Cia = A°, Ci,3 - A\ - C2,3 = A\ ^2,4 = A^, Q 



■3,4 



A' 



4 



that lead to the torification 



Gr(2,4) 



A" n A^ n 2a2 n a^ n A"* = 




It is worth noting that the above torification is not compatible with the usual affine 
open cover of Gr(2, 4) by six 4-dimensional affine spaces, which comes from embedding 
Gr(2, 4) into via the Pliicker map and intersecting the image with the canonical atlas of 
P^. Namely, all 6 opens are needed to cover Gr(2, 4), but the intersection of all opens does 
not contain a 4-dimensional torus as a subvariety. This shows that in general we cannot 
expect the Grassmann varieties to be affinely torified. 

1 .3.5. Flag varieties. Let be a linear bundle (over a point) of rank n. For each m-tuple 
{di, . . . ,dm) of positive integers, with di + ■ ■ ■ + dm = n, a flag of type (di, . . . , d™) 
consists of an increasing sequence of linear sub-bundles 



such that rk(Vj/V,_i) = dj for all j — 1, . . . , m. The set X{di, . . . , d„i) of all flags 
of type (di, . . . , dm) is a scheme, known as the flag variety of type (di, . . . ,dm)- For 
instance, the flag variety X{d,n — d) coincides with the Grassmannian Gr{d, n). 

As in the case of the Grassmann varieties, flag varieties admit a decomposition in 
Schubert cells, though their description is in general more complicated. The underlying 
idea to this approach is the realization of the flag variety X{di,. . . ,dm) as the quo- 
tient GLn/ P{di, . . . , dm), where P — P{di, . . . , dm) is the standard parabolic sub- 
group of GLn consisting of block upper-triangular invertible matrices with blocks of sizes 
di, . . . , dm- The Schubert cells and varieties are then parametrized by the coset space 
Sn/{Sdi X X • ■ • X Sd^) = W/Wp. Each right coset modulo Wp contains a unique 
representative w such that we have 



This defines the set of minimal representatives of W/Wp. The Schubert cells in 
GLn/ P are the orbits G^p '■= {BwP)/P, where B denotes again the Borel group con- 
sisting of all the upper triangular matrices, and the Schubert varieties X^p are defined 
as the closures of the Schubert cells. A detailed description of this decomposition can be 
found in (TT. Section 10.2]. 

Exactly as it happened with the Grassmannians, Lemma fTTSl applied to the Schubert cell 
decomposition provides a torification of the flag varieties and their Schubert subvarieties. 

Example 1.16 (Complete flag varieties). Consider the flag variety X — X{1, . . . , 1), that 
can be identified with the quotient GLn/ B. In this case, P(l, ■ • ■ , 1) = B the group of 
upper-ti-iangular matrices, and we have Wp — {e} the trivial group, and thus Schubert cells 



= c 14 c c • • ■ c v; 



m 



w{l) < w{2) < ■ • • < w{di), 
w{di + 1) < w{di +2) < ■■■ < w{di + d2) 



w{di + • • • + dm-i + 1) < ■ • • < w{di + ■ • • + dm)- 
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are parametrized by elements of the Weyl group W — Sn- Associated to each permutation 
w ^ Sn'we construct the complete flag 

F^, C (e^(i)) C ■ • • C (e^,(i), . . . ,e^,(fe)) C • • • . 

Schubert cells are given by C^, = BF^jj, we can explicitly compute the dimension as 
dim Cw = l{w), the length of the permutation w, and we have the decomposition 

o 

X(l,...,l)=[] A'W, 

that we can turn into a torification in the same way we did for the Grassmannian Gr(2, 4). 
As it happened for the Grassmann varieties, in general it is not clear whether the above 
torification is affine. 

1.3.6. Chevalley schemes. We establish an affine torification for split Chevalley schemes. 
As general reference, see j lO . Expose XXI and XXII] or the survey in |3 Section 4]. 

Let G be a split Chevalley scheme over Z with maximal split torus T. Let N be the 
normalizer of T in G and W — N{C)/T{C) be the Weyl group. Let i? be a Borel subgroup 
of G that contains T and has unipotent radical U. Let $ be the set of roots and let $+ C $ 
be the set of positive roots corresponding to B. Let Xr denote the additive 1-parameter 
subgroup of G defined by r e $. Put = {r £ <!>+ | w{r) < 0} and let 11^ be the 
subgroup of U that is generated by {Xr}re<S'u,- Choose a set of representatives {n^}^^w 
for W in Nil?). We restate the Bruhat decomposition of G in the language of the present 
paper. 

Theorem 1.17 (Bruhat decomposition). 

The family of inclusions of subschemes {UwriwTU ^ G}m£w is a decomposition ofG. 

We refer to SGA3 (||TOl Expose XXII, Thm. 5.7.4 and Rem. 5.7.5]) for a proof. 

Proposition 1.18. Let G be a split Chevalley scheme. Then there exists an affine torifica- 
tion S of G. 

Proof. Let r be the dimension of T, let s be the dimension of U and for every w G W, 
let be the dimension of Uw, which equals the cardinality of Then, as a scheme, 
UwU^TU is isomorphic to A''"' x GJ^ x A'' for every w S W . Since affine space and 
the multiplicative group scheme are torified, Lemma fLTl implies that UwnwTU is torified, 
and Theorem I 1 . ITI together with Lemma fTTSl implies that G is torified. Since G is an affine 
scheme, G is affinely torified. □ 

Example 1.19. Let G = Sl(2). Let T be the diagonal torus, N its normalizer in G and 
B the subgroup of upper triangular matrices. Let e — ( J j* ) and w = ( o ), then 
{e, id} C A^(Z) represents the Weyl group W. In the notation of the proof of Theorem 
IL18I we have r = s = Sg = 1 and ~ 0, and thus we have decompositions 

N = (G,„ n Grn C G = Grn X A^ E X A = 2G,„ n 3G,^„ n . 

2. CONNES AND CONSANI'S GEOMETRY 

2.L CC-gadgets and CC-varieties. Let us start this section by recalling some defini- 
tions from [ 3 1 . 

Definition 2.1. A (Connes-Consani) gadget over Fi (CC-gadget for short) is a triple 

X — (X , Xc , evx ) where 

• X_ : Tab Stts, is a functor from the category of finite abelian groups to the 
category of sets, 

• Xic is a variety over C and 

• evx : X_ =^ Hom(SpecC[— ],Xc) — Xc{C[—]) is a natural transformation. 
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We say that a gadget X is finite if X_{D) is finite for all abelian groups D, and that it is 
graded if X — IJ/>o — ^ graded functor 

A morphism of CC-gadgets (p : {X_iX(c,evx) — > (Hj^ievy) consists of a pair 
{<£, (pc) where 

' f ■ 2L =^ H is a natural transformation and 

• (pc ■ Xc — > Yc is a morphism over C 
such that for all finite abelian groups D the diagram 

X{D) = ^Y{D) 



cvx(-D) 



CVYiD) 



commutes. 

A morphism of gadgets ip is an immersion if for every finite abelian group D the map 
p{D) is injective, and pc is an immersion of schemes. 

We will say that a CC-gadget is affine, projective, irreducible, et-cetera, if Xc is so. 

Definition 2.2. Given a reduced scheme X of finite type over Z, we define the CC-gadget 
G{X) associated to X by Q{X) := (X, Xc, evx), where 

• X{D) Hom(SpecZ[D],X) = X{Z[D]) for every D, 

• Xc:^X (g)zC and 

• evx : X(Z[— ]) Xc(C[— ]) is given by extension of scalars. 

A morphism of schemes p : X ^ Y induces a morphism of CC-gadgets G{p) ■ G{X) 
G{Y) defined by G{p) {v,Vc), where 

• p — ip* is the pullback by p, i.e. for all / : SpecZ[Z3] ^ X we set (p{f) := p°f- 

• PC ■= p ®z C is the complexification of p. 

A finite graded CC-gadget X — (X, Xc, evx) is an affine variety over Fi in the sense 
of Connes-Consani if there is a reduced affine scheme Xz of finite type over Z and an 
immersion i : X ^ G{Xz) such that for all affine reduced schemes V of finite type 
over Z and all morphisms of CC-gadgets ijj : X ^ G{V), there is a unique morphism 
p : Xz ^ y of schemes such that the diagram 




commutes. If X ^ {^,XcT<syx) is an affine variety over Fi, we say that Xz is the 
extension of scalars of X to Z, and we write Xz =■ X (gjpj Z. By Yoneda's lemma, Xz is 
unique up to unique isomorphism. 

Note that we have substituted "variety over Z" of the original definition in |[3l by "re- 
duced scheme of finite type over Z". It is however not an issue to abandon the restraint of 
reducibility (in accordance with Soule's convention), also cf. Remark |S!9l 

If we have a morphism of CC-gadgets p — {p, pc) ■ X Y, and X and Y are affine 
varieties over Fi, then the universal property of Y yields an immersion iy Y ^ G{Yz)- 
Hence, we get a morphism iy o p '■ X ^ G{Yz)- By the universal property of X, we 
obtain a morphism pz ■ Xz Yz of schemes. We will write pz p ®Fi and say that 
pz is the extension of scalars of p to Z. 

We shall restrict in this work to the class of varieties over Fi whose functor represents 
the counting function of the base extension to Z. 
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Definition 2.3. An affine variety X = {X_^ Xc^ev x) over Fi is called an affine CC- 
variety if for every prime power q and every abelian group D of cardinality q— 1, we have 

#X{D) = #Xz(F,). 

We transfer Connes and Consani's definition of a general variety over Fi (cf. [3^ para. 
3.4]) to this restricted class. 

Definition 2.4. Let X = {X,Xc,evx) and U = {U,Uc,evu) be finite graded CC- 
gadgets over Fi. A graded morphism is a morphism {ip, (pc) : U ^ X such that (p{D) 

restricts to a map tp^^\D) : u}''\d) x}'^\d) for every / > and every finite abelian 
group D. A morphism (i^, ipc) ■ U ^ X of finite graded CC-gadgets is called an open 
immersion if it is a graded immersion such that (pc ■ Uc ^ Xc is an open immersion and 
if 

^MD)) ^ {xe X{D)\ Im(evx(x)) C Uc} . 

If such an open immersion is fixed, U is called an open CC-subgadget of X. 

An open affine cover of X is a family {Ui]i^i of open affine CC-subgadgets such that 
Uie/ Ui{D) — X_{D) and {Ui^c] is an open affine cover of X^. A CC-variety is a finite 
graded CC-gadget X that has an open affine cover by affine CC-varieties. 

If U is an open CC-subgadget of a CC-variety X that is a CC-variety itself, we call U 
an open CC-subvariety of X. Let {Uj} be the family of all open CC-subvarieties of X. 
The extension of scalars (or the base extension) of X from Fi to Z is the direct limit over 
the family {Uj,z} relative to all canonical inclusions, and it is denoted by Xz = X iS)Vi 2- 

A morphism of CC-varieties ip : X ^ Y is a gadget morphism between CC-varieties 
X and Y such that the family {Xj}j(zj of all open affine CC-subvarieties whose images 
Yj under ip is affine covers X. 

Note that in section |531 we will restrict the morphisms between CC-varieties in order 
to compare Connes-Consani's notion with the one of Soule. 

Further note that the intersection of two open CC-subvarieties of a given CC-variety 
X is again a CC-subvariety. This implies that the functor of X represents the counting 
function of Xz- Further, we have a base extension to Z for morphisms between CC- 
varieties. More precisely, Lemma [33] holds. mutatis mutandis, for CC-varieties. 

2.2. Affinely torified varieties as CC-varieties. Let {X, T) be a torified variety. We 
define a CC-gadget C{X, T) :— (X, Xc. evx) over Fi consisting of the following data: 

• The graded functor X = {X}''^ }i>o defined by 

X(') : Tab — > 5ets 

D I — W Hom(A,,D) 

for every / > 0, where /''^ = {i e / | dimTi = l}sndAi :— Homa/g-gr(ri, G™). 

• The complex variety Xc ■= X ®z C. 

• For every i e /, the evaluation 

&Jx{D) : YIowl{A,,D) ^ Hom(C [A,], C Hom(Spec Xc). 

The following is a well known result in the theory of algebraic groups (cf. lU section 
1.51 or ||25] section 1.4]). 

Proposition 2.5. Let G — Spec R and T — Spec S be affine algebraic groups. The 
coordinate rings R and S are Hopf algebras, and we have the equality 

Ylo\TLaig-gr{G,T) = Hom_Hop/(5, i?). 
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In our particular situation if i? = Z[Z3] and S — 'L[A\ are group rings for some abelian 
groups A and D, with Hopf algebra structure given as above, since group-like elements in 
the Hopf algebra Z[A] are precisely the elements of A, we have 

Homffop/(Z[A],Z[i:)]) = YLoTn{A,D), 

and we obtain the following consequence: 

Corollary 2.6. Let A be a free abelian group of rank d, Z[A] its group ring with the usual 
Hopf algebra structure, andT = SpecZ[^] the torus of A. Then the homomorphism 

A > Uomalg-griT, Grn), 

mapping a & A to the morphism (pa '■ T Gm — SpecZ[t. t^^] defined by ff{t) — a, 
is an isomorphism of algebraic groups. 

Using this, the CC-gadget C{X, T) (X, Xc, evx) can also be defined in an equiva- 
lent way by 

• X{D) U.G/ Hom,,g_g, (G,TO, where G = SpecZ[D], 

• Xc:=X C, 

• for every z e /, 

evxiD) : Rom{G,T,) Hom(G ®z C, T, ®z C) C Hom(G (g)z C, Xc). 

Furthermore, it follows that for every i ^ I, we have Ai ~ Z'^""^*. Fixing these 
isomorphisms yields 

X{D) = Y[Rom{A,,D) = [Ji^dimT. 

iei iei 

Remark 2.7. We recover Connes-Consani's construction for the CC-gadgets base extend- 
ing to the multiplicative group Gm and affine space A" by the use of the obvious torifi- 
cation Gm = Gm for the multiplicative group and — {0} II (A^ \ {0}) for the affine 
line, respectively, the product torification for higher dimensional affine space (cf. para- 
graphs [TT3.1l and [T.3.2l i. Indeed, let X be the multiplicative group or affine space and Ti = 
SpecZ[yli] be a torus in the torification as described above. Let g G Hom(Ai. D), then 
evx{D){g) G Hom(Spec C[L»], Xc) is determined by V : (SpecC[L»]) (C) ^ Xc(C). 
For a character 

X e Hom(L>,C'') ~ Hom(SpecC,SpecC[L»]) ^ (Spec C[L»])(C) , 

we have ijj{x) ■= {Ti ®z C) ((x(.9j)i=i,....dimTi) as in Connes-Consani's description. 

Proposition 2.8. Lef $ = {(p,^,{(pi\) : {X,T) {X',T') be a torified morphism. The 
mapping : C{X, T) C(X', T') given by £($) = <y9c). where 

• for all i E I and every finite abelian group D, generating a group scheme G = 
Spec I^D], we set 

i£{D) ■.llomalg-gr{G,Ti) > Homa/g-gr(G,r^(j)) 

xp I > ipi o ?/;, 

• ipc ■■= (p <E)z C : Xc ^ X^, 
is a morphism of gadgets. 

Proof. The pair {(p, (pc) is indeed a morphism of CC-gadgets: the diagram 

Hom(G,r,) ^^f^Hom(G,ri(,)) 



cvx{D) 



,{D) 



Hom(Gc, Xc) Hom(Gc, X'^, 
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commutes since 



X 



T, 



X' 



commutes. □ 
Remark 2.9. 

(1) The CC-gadget C{X, T) := (X, Xc, evx) is finite and graded. 

(2) C{X, T) depends in a strong way on the torification, as explained in the following. 

If is a second torification of X and C{X, S) = jX' , X^, cv^), we know by Propo- 
sition [TTTO] that there is a bijection between / and /' that respects the grading, so we can 
assume / — /'. It is also clear that X^ = Xc- An isomorphism of gadgets (p : C{X, S) 
C{X,T) consists of a pair {Lp,(pc) where ip : X' ^ X is a natural transformation and 
(fiC : Xc — > Xc is a morphism of complex varieties such that for all finite abelian groups 
D the following diagram commutes: 



(2.1) 2L'iD)=U,eiD''"''''' 
Hom(Spec(C[D]),Xc) 



'MC[D]) 



cvx {D) 

Hom(Spec(C[£']),Xc). 



The morphism (p can only be an isomorphism if 2L'{D) — > 2L{D) is a bijection for 
every finite abelian group D. In particular, considering the trivial group D = {e} yields a 
bijection 

iei iei 

which is merely a bijection ip : I I. The trivial group homomorphism D {e} 
induces, by the naturality of ip, the commutative diagram 



X!{D) 



■X{D) 



X'({e}) = /- 



- — ^i^me}) 

and a cardinality argument shows that ijj must respect the grading and that tf{D) maps 
£)dimTi £)diin s^,(i) Consequently, commutativity of (12.1b implies that there are maps 
Ti{C) S^(^i) (C) such that the diagrams 



T.(C) 



commute for all i. 
For instance. 



I = A = 



I i 



L 



are two torifications of the affine plane that give rise to CC-gadgets that by the above 
reasoning cannot be isomorphic. This illustrates (2). 
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Theorem 2.10. Given an affinely torified variety {X, T), the corresponding CC-gadget 
C{X,T) = (X, Xr, evy) is a CC-variety over Fi such that X Z ^ X. If f ■ 
(X, T) {X' , T) is an affinely torified morphism then C{f) is a morphism of CC- 
varieties. More precisely, the composition of the functors C and — ^ is isomorphic to 
the functor from affinely torified varieties to schemes that forgets the torification. 

Proof. Start assuming that X is affine. Let Q{X)he the gadget defined by X as in Defini- 
tion l2!2l and define the immersion 



i:C{X,T)^g{X) 

as follows: 

(1) For every finite abelian group D, the map 

i{D) : X{D) = JJ^dimT. — ^ Hom(SpecZ[D],X) 

iei 

is defined in the same way as the evaluation map evx, using the fact that this 
map is obtained by extension of scalars. In other words, we have the commutative 
diagram 

(2.2) X— — ^Hom(SpecC[-],^c)- 



" Hom(SpecZH,^) ^""^ 

It is clear that i{D) is injective for every D. 

(2) The morphism of varieties ic : Xc ^ Xc is the identity. 

(3) By the commutativity of (12.21 ). the diagrams 

X{D) — ^Hom(SpecZ(D],X) 



Hom(Spec Xc) ^ Hom(Spec C[D] , Xc) 

commute for every finite abelian group D. 
To verify the universal property, let V be an affine reduced scheme of finite type over Z, 
and {(f,(pc) ■ C{X,T) G{V) a morphism of gadgets. We need to find a morphism 
ip : X ^ V of schemes such that the diagram 



c{x,T)^^gix) 




commutes. Since ipc '■ Xc ^ Vc = V ®z C is already given, it suffices to prove that there 
is a morphism : X ^ V such that Lpc = ®z C, or in other words: we have to show 
that tpc is already defined over Z. 

The map (pc is defined over Z if (ySc | y is defined over Z for every irreducible component 
Y of X. To each irreducible component of X corresponds a unique open torus Tj C Y, 
which is the torus that contains the generic point of Y (see Lemma [l~4l (2)). Since Ti 
'^m™^' is a CC-variety over Fi (cf. 13] Sect. 3.1]), the map ^pc\Ti is defined over Z, 
and thus tpc is a rational function with : Y ^ V defined over Z. Consequently, 
(f : X is a rational function defined over Z. 

In order to show that ip is indeed a morphism, we have to show that for all affine open 
Z C X and U C V such that ipc : Zc ^ Uc, and for all h G Ou{U), we have 
ip*{h) e OziZ). 
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We know that (p*{h) e Oz {Z H (Uie/o where 1° = {i e I\ Ti is open in X}. 
If we denote by r'- := / \ /°, there is some 6 e Oy{Y) such that Z n {[jtei"' ^0 
contained in the vanishing set of 6, and thus if'^ih) £ Oz{Z)[S^^]. 

But we also know that e ©^^(Zc) = Oz{Z) ®z C. Since 

Oz(Z)[5-i] n iOz{Z) ®z C) = OziZ), 

where we can consider all sets as subsets of the function field F{Zc), we obtain f'^ih) G 
Oz{Z), proving the desired result. Note that Proposition 11.101 implies that X_ represents 
the counting function of X. 

For the general case, let {Ui] be the collection of all affine open subschemes of X such 
that T restricts to a torification Ti of Ui. Then X; = C{Ui, Ti) is an affine CC-variety, and 
by the definition of a general CC-variety, X is a CC-variety. Furthermore, {Xi} is the 
family of all affine open subschemes of C{X, T), thus C{X, T)z is defined as the direct 
limit over the family of the z ~ Ui, which is nothing else than X itself. 

Note that the defining property of a morphism between CC-varieties follows directly 
from the condition that describes a torified morphism as affinely torified. Concerning func- 
toriality, it is clear that for all torified morphisms / : {X, T) (X', T') between torified 
varieties, the diagram 

X ^X' 

cix, T)z c{x', r)z 

commutes. This establishes an isomorphism between the composition of C and — §5fi ^ 
and the forgetful functor from affinely torified varieties to schemes. □ 

Remark 2.11. In the proof of this theorem, we made only use of the highest degree term 
Xidimx) jj^g functor X = {X^^^} in the proof that Gf^"'^ is an affine CC-variety. 
This has the following consequence: Let X be a reduced scheme of finite type over Z with 
an open affine cover {Ui} and with an open subscheme T that is isomorphic to Gf^™^ 
such that T cUi for all i. Define XiD) = Y^{D) = ^dimX^ ^j^^ Xc = X ®z C and 
^i,c = Ui ®z C for all i. Define the evaluations ev^ and ev^ in the same way as for C 
Then the same proof as above shows that (X, Xc, evx) is a variety over Fi (in the sense 
of Connes and Consani, cf. [ J, section 3.4]) covered by the affine varieties {Y_^, c, ev,) 
over Fi. 



3. SOULE'S GEOMETRY. 

3.1. S-objects and S-varieties. In this section we recall some notions of Fi-geometry 
introduced by Soule in |22|, reformulated as in [3] Section 2.2]. 

Definition 3.1. Let TZ the category of commutative rings which are finite and flat as Z- 
modules. A (Soule) gadget (S-gadget for short) over Fi is a triple X — (X, Ax, ex) 
consisting of 

• a functor X : TZ Sets, 

• a complex algebra Ax, 

• a natural transformation ex : X =^ Hom(^x, — ®z C). 

An S-gadget X is finite if for all i? g 7?^ the set X_{R) is finite. A morphism ip : X ^ Y 
of S-gadgets is a couple {(f,(p*), where (p : X F is a natural transformation and 
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ip* : Ay Ax is morphism of algebras such that 



v(R) 

X{R) ^ Y{R) 



ex{R) 



eY{R) 



Hom(^x, i? ®z C) ^ Hom(^y, i? 0z C) 

commutes for all R E TZ. If tp* is injective and fiR) is injective for all R E TZ, we say 
that (f is an immersion. 

We can associate a gadget T{V) = (V, C'vc(Vc), ey) to any scheme of finite type V 
over Z, where V_{R) := Hom(Speci?, V) is the functor of points, OvdVc) the algebra 
of global sections of the complexification of V, and ey is the extension of scalars to C. 
For a morphism f : U ^ V,we define T(/) : T(C/) T{V) as the pair (/, f^) where 

f{R) : U.{R) ^ Y-iR) is the induced morphism on sets of points and : Av Ajj is 
the complexification of the morphism between global sections. It is immediate that T(/) 
is a morphism. Thus T is a functor from schemes of finite type over Z to S-gadgets. 

Definition 3.2. An affine (Soule) variety over Fi (affine S-variety for short) is a finite 
S-gadget X such that there is an affine scheme Xz of finite type over Z and an immersion 
of gadgets ix ■ X T{Xz) satisfying the following universal property: For every affine 
scheme V of finite type over Z and every morphism of S-gadgets (f : X ^ ^(^) there is 
a unique morphism of schemes (fi : Xz — > V such that ip = T{(f-£) o ix- 

We define the category of affine S-varieties as the full subcategory of S-gadgets whose 
objects are affine S-varieties. The universal property defines the base extension functor 
from affine S-varieties to affine schemes over Z. Namely, it sends X to Xz and a morphism 
tf : X Xo [iy o (p)z '■ Xz — > Yz (cf. Lemma [33] below). 

By II22I Proposition 2], the functor R ^ T(Spec(i?)) is a fully faithful embedding of 
the category 72.°^ into the category of affine S-varieties. 

Definition 3.3. An (Soule) object over Fi (S-object) is a triple X = ( X , Ax, ex) con- 
sisting of 

• a contravariant functor X : {Affine S-varieties} 5ets, 

• a complex algebra Ax, 

• a natural transformation ex ■ X. =^ Honi(^x, '4.(_)). 

An S-object is finite if i(T(Speci?)) is finite for all R E TZ. A morphism of objects 
(fi : X ^ Y is given by a natural transformation (p:X.^Y. and a morphism of algebras 
(fi* : Ay Ax such that 

Mv) ^ Ziv) 



exiV) 



CYiV) 



ip''(V(SzC) 

}Iom{Ax,Av) ^Hom(^y,^v') 

commutes for all V E A. If (p* and ipiV) are injective for all V E A, then we say that (p 
is an immersion of objects. 

We can associate an object Ob{S) = {S., OsdSc), ^s) to any scheme S of finite type 
over Z via S.{V) :— Hom(Vz, S) and evaluation es{x) defined by the composition 



OsASc) OvdVc) Av 
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Definition 3.4. A (Soule) variety over Fi (S-variety) is a finite S-object X for which there 
exists a scheme Xz of finite type over Z and an immersion i : X ^ Ob{X-£) such that 
for every scheme V of finite type over Z and every morphism of objects : X ^ Ob{V), 
there is a unique morphism of schemes : X% Oh{y) such that Lp — Ob{(pz) ° i- 

We define the category of S-varieties as the full subcategory of S-objects whose objects 
are S-varieties. An S-gadget can be considered as an S-object in the following way. If 
X ~ {X, Ax. ex) is an S-gadget, then the associated S-object is (X, Ax, eV). where 
for an affine S-variety A, 

K{A) = Rom{A,X) 

and e'x sends ip = {ip, ip*) e K.{A) to tp* : Ax Aa- This defines a fully faithful func- 
tor from S-gadgets to S-objects. The essential image of the category of affine S-varieties 
is the full subcategory of S-varieties whose objects base extend to an affine scheme over 
Z (cf. 122^, section 4.2, Prop. 3]. 

An immediate observation following from the definition of an S-variety is the follow- 
ing. 

Lemma 3.5. Let X be an S-variety and V a scheme of finite type over Z. 

(1) The map (p ^ (pi given by the universal property of X defines a bijection 

Rom{X,Ob{V)) — > Hom(Xz,F). 

(2) If L : Y ^ Ob{V) is an immersion of S-objects, then ip i—>- (l o p)^ defines an 
embedding 

Hom(X,r) — > Hom(Xz,y). 
In particular, if X and Y are both S-varieties, then Hom(X, Y) ^ Hom(Xz, Yz). 

3.2. Smooth toric varieties as S-varieties. Soule describes in |22, section 5.1] an S- 
object S{X) associated to a toric variety X. Note that this association works for arbitrary 
toric varieties, though Soule proves only for smooth toric varieties X that S{X) is an S- 
variety. Further note that we are working with an different complex algebra than Soule 
does, but that results transfer by [22, Prop. 4]. Given a toric variety X with fan A, we 
define the S-object S{X) in two steps. 

In the first step, we define for every cone r G A the S-gadget Xr = {2L.r , -^Xr i e-x^ ) 
as follows. Let A.,- — C\ (II^Y be as in paragraph lL3.3l Let [i(K) be the roots of unity 
of the ring R. For every R ^ TZ, put X.t{R) ~ Hom(AT-, fi{R)o), the set of semi-group 
homomorphisms from Ar to the multiplicative semi-group fJ,{R)ci — {0} U n{R)- Put 
Ax^ ^C[Ar] and let 

exAR)- = Hom(A^,/L((i?)o) — > Hom(C[A^], i? (8)z C) 

be the natural map. 

For Ut = SpecZ[Ar] C X, we have a canonical morphism of S-gadgets ir : Xr ^ 
T(Ur), which is an immersion since the complex algebras are the same and since for every 
-R G 7^, we have 

Xr{R) ^ Y^om{Ar,^l{R)o) C Hom(Z[yl^], i?) = HAR) ■ 

Consequently, the universal property of an affine S-variety V with immersion uy '■ V ^ 
T(Vz) implies that given a morphism (p : V Xr of S-gadgets there is a unique mor- 
phism (fiz such that Lr o ip = T{p}-£) o iv- By Lemma [331 we obtain inclusions 

YLom(V,Xr) C Hom(yz, C/r) C YLoTn{Vz,X) . 
In the second step, we define the S-object S{X) ~ (X., Ax, ex) as follows. For every 
affine S-variety V, put 

KiV) - U Hom(y,X,), 
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where the union is taken in Hom(Vz, X). Put Ax — (^c)^ where Xc = X ®z C, 
and let exiV) : KI.V) C Honi(Vz, X) }ioni{Ax,Av) be the natural map. 

In a natural way, S extends to a functor from toric varieties to S-objects. Given a 
toric morphism f : X ^ X' that is induced by a morphism of cones (5 : A ^ A' (see 
paragraph ll.3.3l l. then following the constructions of the first step yields morphisms of S- 
gadgets fr : Xt -^'s(t) ^'^^ every r e A. In the second step, taking the union over all 
cones T G A defines a morphism S{f) : S{X) — » S{X'). 

As a consequence of ll22l Thm. l(i)] and f22] Prop. 4], we obtain the following result. 

Theorem 3.6 (Soule). Let X be a smooth toric variety. Then the S-object S{X) is an 
S-variety such that X ~ S{X) (JJfi 2- 

Remark 3.7. In particular, 122, Prop. 3] implies that the S-gadgets Xt are affine S- 
varieties with Ur — Xr ^ for all t G A, 

3.3. Afflnely torifled varieties as S-varieties. In this section, we define a functor S"' 
from the category of affinely torified varieties to the category of S-objects, prove that 
iS'"^ extends S, which allows us to drop the superscript and show that Soule's result 
(Theorem l3.6l ) extends to this class of S-objects. 

Let X be torified variety with an affine torification T — {Ti ^ X}i(zj. Put Ai = 
Homaig-griTi, <Gm) for i ^ I. Let {Uj}j^j be the maximal torified atlas, i.e. the family 

o 

of all affine open subschemes Uj of X such that Uj — Uie/ ^'^^ ^ subset Ij of /. We 
define an S-object 5^ (X, T) in two steps. 

In the first step, we define an S-gadget X~ = {XJ , A'^ , ej ) for every j e J as follows. 
Fori? e 7^, putX7(i?) = Uie/^ Hom(A,, Put Aj = Oujc{Uj,c) and let 

eJ{R): Y[ Hom(A,,^(i?)) — > ]J Hom(C[Ai], i? ® C) ^ Hom(^~, i? ® C) , 

be the composition of the natural maps Hom(yli, Hom(C[Ai], i? eg) C) with the 

inclusion induced by the restriction maps 

AJ = Ou.jUj.c) ^ Ou.ATr.c) = C[A,] . 

For every i e /, there is a canonical morphism of S-gadgets lj : X^ ^ T{Uj), which 
is an immersion since the complex algebras are the same and since for every R G TZ, we 
have 

XJ{R) = Y[ Hom(A,;,^(i?)) C JJ Hom(Z[A,],i?) = U^{R) . 

Consequently, we obtain inclusions 

Hom(y,X~) C Hom(Vz,C/j) C }lom{Vz,X) 

for every affine S-variety (cf. Lemma l331 l. 

In the second step, we define the S-object S^{X, T) = {X., Ax, ex) as follows. For 

every affine S-variety V, put 

K{V) - U Rom(V,X-) , 
je.J 

where the union is taken in Hom(Vz, X). Put Ax = Oxc i^c), and let 
ex{V) : C Hom(T/z,X) ^ Hom(^x,^v) 

be the natural map. 

By following through the construction of 5"^, we can associate to every affinely torified 
morphism a morphism of S-objects. Note that in the second step, we have to make use 
of the defining property of affinely torified morphisms: Let f : X ^ X' he an affinely 
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torified morphism. Then the family of all opens U of X in the maximal torified atlas of X 
whose image under / is affine covers X. This allows to define as the union of the 

restrictions to affine opens. Thus we defined S"" as a functor from the category 

of affinely torified varieties to the category of S-objects. 

Remark 3.8. A discussion similar to the one in Remark 12.91 shows that different affine 
torifications of the same torified variety X can lead to non-isomorphic S-objects. The two 
torifications of given in Remark IZ91 provide an example. 

We show that extends indeed Soule's functor S. Let X be a toric variety with fan A. 
Let Ta be the torification of X as defined in section [T33] We put = 5~ (X, Ta). 

Lemma 3.9. For every r G A, there are isomorphisms 

a{R) 

U,^, Hom(A^ , ^ Hom(A,, Ai(i?)o) 

P(R) 

that are functorial in R G TZ. 

Proof. We construct the maps a — a{R) and (3 = P{R) as follows. Let ip : m(^) 
be an element of Hom(A^ , Since A^- C A^, we can define t/j = a{(p) by 

Ar — > n{R)a ■ 

( ip{a) ifaeA^nAr 
[ otherwise 

Let : At- ^ fJ-{R)a be an element of Hom(AT-, /i(i?)o). We claim that there is a 
smallest cone for ip, i.e. a smallest subcone cr of r such that ip extends to a morphism 
ip' : Act IJ'{R)o of semi-groups. Indeed, assume that ip extends to ipi : Ar^ fJ-{R)o 
and ip2 ■ At2 — * IJ'{R)o for two cones ti,T2 C t. Then ip extends also to a morphism 
from the semi-group generated by Ar-^ and Ar^ ■ But this semi-group is nothing else than 
ArinT2- This proves the claim. 

If (T is the smallest cone for ip, then define ip = (3{ip) as the restriction of ip' : Aa- 
At(i?)oto A^. 

We show that a and /3 are mutually inverse. Let ip : A^ /^(-R) be an element of 
Honi(yl^ , and ip — a{(p) : A^ p{R)o- Then a is the smallest cone for ip since 

for every a' C cr, the larger semi-group Acr' is still generated by Acr and consequently 
S but we know that (?Af = A^ . Thus pi{ip) equals ip by definition of 

ijj. 

Let conversely ip : Ar ^ /^(^)o be an element of Hom(A^, /i(_R)o) and p = P{ip) S 
Hom(A^ , /i(-R)), where a is the smallest cone for ip. It is clear by definition that a{p) 
equals ip restricted to A^ n Ar. We have to show that ijj{Aa- \ A^) — {0}, where we 
extended ip to ip : Aa- fJ-{R)o- If there is an a E A^ \ A^ such that i/j^ia) ^ 0, i.e. 
tp^{a) S 1^{B), we derive a contradiction to the minimality of a as follows. 

Choose a basis {\i)ii^N of M", where N = {!,...,«} and n is the dimension of X, 
such that cr — (AiK>o)iGS for some S C N and (AiE)igAr\5 is orthogonal to a (here 
"(— )" denotes the generated semi-group in E"). Let (A*)igAr be the dual basis of {Xi)i£N, 
then cr^ = (^iR>o)ies + {i'M)ieN\s- The set {a' G A | cr' C cr} is the set of cones of the 
form cTj = (AiM>o)ie J, where J is a subset of S. For every i E N, define k as the smallest 
multiple of A* such that k € A^. Then cr^ = (ZiR>o)ie,/ + (ZiM),jgAr\j for every J C S, 
and the semi-group Lj = + {h'^)ieN\j is of finite index in Aa-j. This implies that 

for the chosen a E A^ \ A^, a positive multiple m ■ a is in Ls, i.e. m ■ a — J^ies 
for certain non-negative integers Since we assume that ip^{a) E ^{B), we have that 
I]jgS CiV'f (^i) = i^iim-a) = ijj*{a)"^ ^ and thus already 7^ for some i e 5. 

Put J — S\{i}. Then can be extended to a semi-group morphism ?/>2 : A^j m(-B)o> 
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which yields the desired contradiction to the minimaHty of cr. This completes the proof that 
a and /3 are mutually inverse. 

It is clear that a{R) and /3{R) are functorial in R, i.e. that for every morphism f : Ri ^ 
i?2 in T^, the diagram 



U Hom(A^/.(i?i)) 

(t(Zt 

a{Rl) 

Rom{Ar,fi{Ri)o) 



■ U Hom(A-,A*(i?2)) 

(tCt 

a{R2) 

-^Hom(A^,^(i?2)o) 



commutes. 



□ 



Proposition 3.10. The functors S and iS~ from the category oftoric varieties to the cate- 
gory of S-objects are isomorphic. 

Proof. Let X be a toric variety with fan A. Then the maximal torified atlas of {X, Ta) is 
{Ut^teA- We first show that for every t G A, the corresponding S-gadgets X-r and X^ 
are isomorphic. We define maps 



X- = {Kr,Ax,e^): 



'.Xr = {K,Ax-ex) 



/3, = (^^,/3,,c) 

as follows. For every R E TZ, define a^{R) as the map a{R) of the previous lemma. 
Define a-r^c as the identity map of A'^ = Cx^c — -^c- Concerning /3^, define/3^ (i?) 
as the map /3{R) of the previous lemma for every R E TZ. Define /3i-,c like ckr.c as the 
identity map. It is easily verified that ar and are indeed morphisms of S-gadgets. The 
previous lemma implies that a^- and Pr are inverse to each other 

Since the second steps in the constructions of S{X) and S"^{X) coincide, the famiUes 
{ar}rGA and {/^xlreA define mutually inverse morphisms ax : <S{X) and 

l3x ■ S{X) S"'{X) of S-objects. It is straightforward to verify that ax and (3x are 
functorial in X, i.e. that the diagram 



s{f) 



s~u) 



-S(X2) 

■S-{X2) 



S{Xi 

p>. 

S-{Xi) 

commutes for every toric morphism f : Xi ^ X^. Thus we established an isomorphism 
of functors. □ 

The proposition justifies that we can write S(X., T) — iS~ {X, T) for an affinely torified 
variety {X,T). 

Theorem 3.11. If (X, T) is an affinely torified variety, then S(X, T) is an S-variety such 
that S{X,T)z — X. More precisely, the composition of the functors S and — ®Fi Z is 
isomorphic to the functor from affinely torified varieties to schemes that forgets the torifi- 
cation. 

Proof. Define the morphism of S-objects l — (4, ic) '■ S{X,T) T{X) as follows. 
Write S{X,T) = {K,Ax,ex)- For every affine S-variety V, let l{V) : Ki^) ^ 
Hom(Vz, X) be the extension of scalars, which is an injective map (cf. Lemma [33] l. Let 
Lc be the identity map of Ax = Oxc (Xc)- It is clear that l defines a morphism and that it 
is an immersion of S-objects. 

We raise in three steps the generality of X. In the first step, let X be G"j for an n > 0. 
Then there exists up to isomorphism only one torification of GJ^, namely T — {GJJj 
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Gr^} given by the identity map. Then T is the same as the torification Ta if vve consider 

as toric variety with fan A = {0}. Proposition [UO] states that S{G':^,T) ~ 
and Theoremlllsays that SiG"^) is an S-variety such that >S(G;^)z ^ G;^. 

In the second step, let X be affine with torification T. In this case, X itself appears in 
the maximal torified atlas {Ui}i^i of X, say X ~ Uq. Then S{X,T) = (X, Ax, sx) 

has the following simple description. Let Xq = {2Lq, Aa, eo) be the S-gadget defined by 
Uq. For every affine S-variety V, we have K,{V) = Hom(V, Xq), we have Ax = Aq and 

ex{V) sends a morphism (p = {f , (p'^) E Hom(y, Xq) to (^^ G Hom(^Oi Av)- From this 
description it follows that we can apply [22 , Prop. 3] to derive that S{X, T) is an S-variety 
if and only if Xq is an affine S-variety, and if this is the case then S{X, T)z ~ {Xq)z. 
The same idea as used in the proof of Theorem l2. 101 applies to this situation. Namely, let 
V be an affine S-variety and let if^) : Xq 1/ be a morphism of S-gadgets. Every 
irreducible component of X has a unique open subtorus isomorphic to GJJj for some n > 
in the torification T. In the first step, we showed that 5(G"J is an S-variety. Thus the 
S-gadget (G"Jo defined by GJ^ is an affine S-variety. Using the universal property of 
(G^)o defines a rational map pz '■ X ^ V%. For the same reasons as in the proof of 
Theorem 12. 101 we see that p-^ is indeed a morphism of schemes that verifies the universal 
property of an affine S-variety for X. 

In the third and last step, we let (X, T) be a general affinely torified variety with max- 
imal torified atlas {Ui\ii^i. Then Ui is affine and T restricts to a torification Ti of Ui for 
every i G /. By the previous step 5(C/i, Ti) is an S-variety such that 5(C/i, Ti)% ~ Ui. 
The family {S{lJi,Ti)]i^i satisfies the conditions of ll22l Prop. 5], and thus T) is an 
S-variety with S{X, T)z ~ U^e/ U^ ~ X. 

Concerning functoriality, it is clear that for all affinely torified morphisms / : (X, T) 
(X', T') between affinely torified varieties, the diagram 

X ^X' 

Six, r)z — fML^ six\ T')z 

commutes. This establishes an isomorphism between the composition of S and — (8)5-^ Z 
and the forgetful functor from affinely torified varieties to schemes. □ 

4. DEITMAR'S GEOMETRY 

4.1. D-schemes. First let us recall the theory of schemes over Fi in Deitmar's sense. 
The main idea is to substitute commutative rings with 1 (called rings in the latter) by 
commutative semi-groups with 1 (called monoids in the latter) and to mimic scheme theory 
for monoids. It turns out that to a far extent, it is possible to obtain a theory that looks 
formally the same as usual algebraic geometry. Since definitions are lengthy, we only name 
the notions we make use of and give the reference to the proper definition in Deitmar's 
paper fSl. 

There is the notion of prime ideals and the spectrum spec A of a monoid A (15] section 
1]), schemes X over Fi with underlying topological space X'°p and morphisms of schemes 
(is] section 2.3]), the structure sheaf Ojf and local monoids Ox,xioTx G X'°p (| 5, sections 
2.1-2.2]). 

There is a base extension functor — Ofi Z that sends spec A to Spec Z[j4], where Z[A] 
is the semi-group ring of A. The right-adjoint of — (8)Fi Z is the forgetful functor from 
rings to monoids ([51 Thm. 1.1]). Both functors extend to functors between schemes over 
Fi and Z (fF, section 2.3]). We will often write Xz for X (8)Fj Z. We denote by D-schemes 
the category of schemes over Fi together with morphism of schemes in Deitmar's sense. 



TORIFIED VARIETIES AND THEIR GEOMETRIES OVER Fi 23 

A D-scheme X is connected if it is connected as topological space, and X is integral 
(resp. of finite type resp. of exponent 1) if for all affine opens spec A of X, the ring is 
a integral domain (resp. Z[A] is of finite type (cf. lH Lemma 2]) resp. 1 is the only element 
of finite multiplicative order in A). 

4.2. Toric varieties as D-schemes. In fP. section 4], Deitmar describes a functor V that 
associates to a toric variety X with fan A the following scheme over Fi. Let X be a toric 
variety with fan A. We use the notation from section[T33] An inclusion t C r' of cones 
gives an inclusion of monoids Ar' C A^- and thus we obtain a directed system of affine 
D-schemes {spec ^tItsA- The D-scheme 'D{X) is defined as the limit over this system. 

Let (■)/;, ■i/', {f/'r}) be a toric morphism. The directed system of morphisms ij)^ : ^.^j^j — > 
Ar describes a morphism !?(/) : 'D{X) —* 'D{X') of D-schemes. This establishes P as a 
functor 

Every monoid A has a unique maximal subgroup, namely the group ^ ^ of invertible 
elements, and a unique maximal ideal, namely m ^ A \ A^ . We define the rank rk t of a 
cone T as the rank of A'^ and the rank rk x of a point x in X'°p as the rank of ^. For 
every cone r e A, we have the canonical inclusion ir ■ spec At ^ T^{X). We define 

^' : A — > V{Xy°P , 

where rrir is the maximal ideal of Ar- 

The following is a refinement of Deitmar's Theorem 4. 1 in Q. 

Theorem 4.1. 

(1) The functor V induces an equivalence of categories 

r . . . 1 ~ f connected integral D-schemes 1 
D : \ tone varieties \ — > { m ■ i r if 

' I oj finite type and of exponent 1 \ 

with — (8)Fi ^ being its inverse. 

(2) Let X be a toric variety with fan A. Then 4* : A — s- is a bijection such 
that T (Z t' if and only if '^'(t') is contained in the closure o/5'(r). Furthermore, 
At ~ Cx)(x),*(r) <^nd rk ^'(r) — At for all r G A. 

Proof. From the proof of 1 7 , Thm. 4.1] it becomes clear that Y (g)F ^ Z is connected if y is 
an integral D-scheme of finite type that is connected and of exponent 1. The rest of part[T] 
of the theorem follows from [7, section 4]. 

We proceed with part|2]of the theorem. First note that the assignment 

*i : r (SpecZ[T'^] ^ X) 

defines a bijection between A and the family of the affine opens U of X such that the 
inclusion U ^ X is sl toric morphism. If r C t' then Spec Z[r^] C Spec Z[t'^]. 

By the part [T] of the theorem, the functor V puts this family in one-to-one correspon- 
dence with the affine opens of T>{X) and respects inclusions. 

Since Ospcc A,m — A if A is a monoid with maximal ideal m — A\A^ (cf. lH] section 
L2]), the assignment 

X ^ {spec Ot>(x),x ^'DiX)) 
defines a bijection between P(X)'°p and the affine opens of T>{X). Note that x is the image 
of the maximal ideal of Ox>{x}.x under the canonical inclusion spec Ox)(x),x ^ ^(^)' 
which describes the inverse '^2 of the latter bijection. If x' is contained in the closure of 
X, then we have a inclusion spec Ox>{x).x ^ spec Ox>{x).x'- Since 'J = ^'2 o P o ^f^, we 
established that is a bijection and that r C t' if and only if 5'(t') is contained in the 
closure of ^'(r). 

By definition, the rank of t and the rank of ^'(t) equal the rank of the maximal 
subgroups of the monoids Ar and Cp(J(:),*(t). respectively. The canonical inclusion 
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spec^T- ^ 'D{X) induces the isomorphism C'r)(x),*(T) — C'spccA^.m^ — A^, and con- 
sequently we obtain equality of ranks. □ 

5. Comparison between the different geometries over Fi 

In this section, we establish certain functors between the categories of D-schemes, S- 
objects and CC-gadgets and investigate to what extent they commute with base extension 
to Z and with the realizations of classes of varieties over Fi from the previous sections. 
Finally, we put together the results of the paper in Theorem lS.llI 

5.1. From D-schemes to CC-gadgets. In this section, we construct a functor J-d^cc 
from the category of integral D-schemes of finite type and exponent 1 to the category of 
CC-gadgets. 

Let X be an integral D-scheme of finite type and exponent 1. We define the CC-gadget 
!Fd^cc{X) = (X, Xc, evx) as follows. For a finite abelian group D, we define Dq to 
be the monoid D U {0} that extends the multiplication of _D by • a = for every a E D. 
Put 

XiD) ^ Hom(speci:'o,^) = IJ Hom(Oj^ ^, D) , 

where the latter equality is explained in the proof of Theorem 1 in fSl . Put Xc = X (gjpj C, 
which is indeed a complex variety since every component of X base extends to a toric 
variety. Note that the immersion specOx,a; ^ ^ induces Spec C[Ojs:,a;] ^ Xc and 
define evx (D) as the composition of the natural maps 

U Rom{0^^,D) U Hom(C[Ox,.],C[i?]) Hom(SpecC[Z?], Xc) . 

Given a morphism f : X ^ X' between integral D-schemes of finite type and ex- 
ponent 1, we define To^ccif) = (Lfc), where /(£)) = : Hom(spec Dq, X) 
Honi(spec -Dq: X') and /c = / ®Fi C : Xc X^. It is immediate that J-D^cc{f ) is a 
morphism of CC-gadgets. 

Note that for a finite abelian group D, the set X_{D) is finite. Putting 

X^'\D) = y Hom(0^^,Z?) 

rk x—l 

defines a grading X = U;>o^^'^- Thus we can consider Td^cc{X) as a finite graded 
CC-gadget. 

Proposition 5.1. The functors C and To^cc ° from the category of toric varieties to 
the category of finite graded CC-varieties are isomorphic. 

Proof. Let X be a toric variety with fan A and put Y = ^{X). Then we obtain the 
finite graded CC-gadgets = {X,Xc,evx) md Td-.cc{Y) = (r,rc,evy). By 
part |2] of Theorem 14. II there is a bijection : A — > y°P such that rkr = rk\I'(r) and 
Ar ~ Cy,*(r) for every r e A. Thus we obtain for every I > and every finite abelian 
group D a bijection 

X}'^{D) = y Eom{A^,D) ^ \J Rom{0^^,D) = Y^'\d) . 

rkT=i ik y=l 

Further, Yc — Y (gDy^ C ~ X ®z C = Xc- It is immediate that these isomorphisms com- 
mute with the evaluation maps evx and cvy, and we thus obtain the desired isomorphism 
of CC-gadgets ^x : C{X) ^ TD^cciY). 
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It follows from the naturality of definitions that given a toric morphism f : X ^ X', 
the diagram 

C{X) — ^ C{X') 



Vx' 



commutes, where Y = 'D{X), Y' = ViY') and g = Thus we established an 

isomorphism of functors. □ 

This proposition together with Theorems l2.10l and l4.1l implies: 

Corollary 5.2. If X is a connected integral D-scheme of finite type and exponent 1, then 
J-D~tCc{X) is a CC-variety and J-d^cc{X) ®Fi 1^ — X (X)Fi 

5.2. From D-schemes to S-objects. In this section, we construct a functor Td^s from 
the category of D-schemes of finite type to the category of S-objects. Let X be a D- 
scheme of finite type. We proceed in two steps, similarly to section l3T2l 

In the first step, we define for every point x G X'°p an S-gadget X^ = {2Lx7 -^x, e^) 
as follows. For every R E TZ, we put X_^{R) — Hom(C'x,K, m(^)o), the set of monoid 
homomorphisms from the local monoid Ox.x to the multiplicative monoid /i(i?)o = {0} U 
we put Ax = C[C'x,2;], the semi-group ring of Ox.x over C, and we define 

ex{R): llom{Ox,x,KR)o) Hom(C[Ox,x], i? «>z C) 

as the natural map. 

In the second step, we define the object !Fd^s{X) = (X, Ax, ex) as follows. For 
every affine S-variety V, we put 

X{V) = U Eom{V,Xx) , 

xex'op 

where the union is taken in Hom(Vz, X^)- We put Ax = Oxd^c)^ where Xc is the 
complexification of Xj,, and we define 

ex{V): U UomiV,Xx) Hom(yc,^c) llom{Ax,Av) 

as the composition of the natural maps. 

Given a morphism f : X X' between D-schemes of finite type, there is a natural 
way to define a morphism J-D^s{f ) '■ ^d^s{X) J-d^s{X') going through the steps 
of the construction of To^s^ similarly to the definition in section [3721 



Proposition 5.3. The functors S and J-d~*s ° from the category of toric varieties to the 
category of S-objects are isomorphic. 

Proof. Let X be a toric variety with fan A and Y = ^{X). We will construct an iso- 
morphism (fx ■ S{X) J^o^siX) by going through the steps of construction of the 
objects. 

In the first step, let r e A and y — ^'(t), where : A ^ y*°P is the bijection from 
Theorem l4.1l Let Xt and Yy be the associated S-gadgets. By Theorem l4.1l part|2l we have 
that ~ Oy^y and consequently X^ (R) — llom{Ar, ij,{R)o) ~ ilom{OY.y, IJ-{R)o) = 
Y_y{R) for all R e TZ. Further, Ar = C[Ar] ~ C[OY,y] = Ay. It is immediate that 
these isomorphisms commute with the evaluation maps e-r and Cy, and thus we obtain an 
isomorphism of S-gadgets ipr ■ Yy. 

In the second step, we note that for r' C r, the image of the inclusion Ar ^ Ar' under 
the functor V is the generalization map C'y,*(T) ^ CF,*(r')- Thus the dkected systems 
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{A^li-gA and {Cy^ylj/gyiop are isomorphic and we have that for all affine S-varieties V, 
K{V) = IJ Hom(F,X,) 2± IJ Rom{V,Yy) = riV) . 

Further, = Oxd^c) - Cyc(^c) = Ay by Theorem|4Tl pai-t[I] It is immediate that 
these isomorphisms commute with the evaluation maps ex and ey, and we thus obtain the 
desired isomorphism of S-objects ipx ■ {X) ^ J-d~>s{Y)- 

By the analogy of the constructions of S and J-d^s, it is clear that given a toric mor- 
phism f : X —> X', the diagram 

S{X) — ^ S{X') 

Vx' 

Tn^s{Y) ^^^^ Tn^s{Y') 

commutes, where Y — 'D{X), Y' = ViY') and g — 'D{J)- Thus we established an 
isomorphism of functors. □ 

This proposition together with Theorems l3.6l and l4.1l implies: 

Corollary 5.4. If X is a connected integral D-scheme of finite type and exponent 1, then 
!Fd^s{X) is on S-variety and !Fd^s{X) ®Wx — X Z. 

5.3. From CC-varieties to S-objects. In this section, we construct a functor Tcc-*s 
from the category of CC-varieties to the category of S-objects. For this purpose, we have 
to restrict the class of morphisms between CC-varieties to those that satisfy property S 
described below. 

Let X = {X_, X'^, cvx) be a CC-variety and let be the family of all open 

affine CC-subvarieties Xj — (Xj . Xj r. : evj) of X. Note that a priori, X^ does not need 
to be equal to Xc — X C. We define the S-object Tcc^si^) in two steps. 

In the first step, we define S-gadgets X^ = J'cc^si-^j) = (—7' "^7' ^7) every 
j e J as follows. For every i? G 7^, put XJ{R) = XjiKR))- Put Aj = Ox,,c(^j,c) 
and put 

eJ{R): Xjit^iR)) "''^^^■^^ Roin{AJ,C[fi{R)]) — ^ Roin{AJ , R ®z C) . 
In the second step, we define the S-object Tcc^si^) = Ax, ex) as follows. For 

every j £ J and every R <E TZ, there is a morphism tj (R) given as the composition of 
canonical maps 

Xj{R) = C Hom(SpecZ[^(i?)],Xj,z) — > Hom(Spec i?, Xz) . 

We do not know a priori whether Tj{R) is an inclusion. But the morphism [ifj^id] : 
Xf T{Xj,z) yields — for the same reason as in Lemma [331 — that we have for every 
affine S-variety V an (a priori not injective) map 

4>x,iV): Uom{V,X~) Hom(Vi,X,-z) C Hom(Vi,Xz). 
Define KiV) - U^ej Im^/^x, (V) C Hom(Fz, Xz) and Ax = Oxci^c)- Define 
ex{V): K{V) C Hom(yz,^z) UomiAx , OvdVc)) Hom(^x,^y) 

as the composition of taking complex global sections of a morphism Vz — > Xz and the 
push forward along the map tc : Ovc {Vc) ^ -^v given by the universal property of V. 

Next we will define J-cc^s on morphisms. If Lpj : Xj — > Yj is a morphism between 
affine CC-varieties, then following through the definitions of the first step describes in a 
natural manner a morphism ipj — J^cc-^si^j) ■ -^7 ~^ °^ S-gadgets. In order to 
define a morphism J^cc^sif) ■ ^cc^s{X) !Fcc^s{Y) of S-objects associated to 
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a gadget morphism ip : X Y between CC-varieties X and Y , we need ip to obey the 
following property. 

S: Let {Xjljgj be the family of all open affine CC-subvarieties whose images Yj 
under ip is affine. Denote the corresponding restrictions of tp by pj : Xj — > Yj 
and let (pJ : XJ^ — > be the associated morphism of S-gadgets. Let V be an 
affine S-variety and let tpx- {V) be the morphism as defined above. Then there is 
a unique morphism Tpj such that the diagram 

RoTa(y, X^) '^-^ — ^ Hom(y, Y.~) 



Im ipXj s- Im ipY, 

commutes. 

Given a morphism ip : X ^ Y of CC-varieties, we define J-cc-^s{f) = {'£_i V*) 
follows. Let V be an affine S-variety. With Tp^ as in the definition, we define 

E(^) = U^:^- •^(^) = U Im^^.(^) U Im^^.(^) = XSY) ■ 

]£j je.J j&J 

Put^* ^ 4 : Oy,{Yc) ^ OxAXc). 

Remark 5.5. Property S is satisfied if for every j G J, the map tpx- {V) is injective, or 
if Xj is an affine S-variety by applying the universal property of an S-variety. From the 
following proposition and from section |331 both the injectivity and the universal property 
is fulfilled if ip is of the form ip = C{pz) for an affinely torified morphism ipz : {Xz, T) 
(Yz, S) between affinely torified varieties. This means that the functor C is well-defined 
as functor from the category of affinely torified morphisms to the category of CC-varieties 
considered with the class of morphism from Definition l2.4l Note further that the essential 
image of Td^cc is contained in the category of CC-varieties since Td-*cc is essentially 
isomorphic to the composition of the base extension to toric varieties, considered as affinely 
torified varieties, and £. 

Proposition 5.6. The functors S and J-cc-*S ° C from the category of affinely torified 
varieties to the category of S-objects are isomorphic. 

Proof. Let {X, T) be an affinely torified variety with maximal torified atlas {C/j}jgj. Let 
Tj be the restriction of T to Uj, which is a torification of Uj. Put Y = (F, Yc, evy) = 
C{X,T). Then {Fjljej with = (Z.^, y,-,c, evj) = /:(f7j, T,) is the family of all open 
affine CC-subvarieties of Y since they are precisely those open CC-subgadgets whose 
functors represent the right counting function. We show in two steps that S {X, T) ~ 
Tcc^soC{X,T). 

In the first step, we show that Xj ~ {X_j , Aj , Cj) as defined in section [33] is isomorphic 
to ^cc^sO^j) ~ (—7' "^7' ^^^ly j P^i" e 7?., we have equalities 

X^{R) = H Rom{A^,fi{R)) = Y^{fi{R)) - YJ{R) 

and Aj = Ojjj c(^j,c) — -^J ■ This defines the desired isomorphism. 

In the second step, we show that S{X, T) — ( X , Ax, ex) is isomorphic to the S-object 

J-cc^siY) — (Ki "^Yi ey). For all affine S-varieties V, we have equalities 
K{V) ^ IJ Hom(y,Xj) = IJ Hom(t/,Y,) ^ YSY) 

3&J j&J 
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and Ax = Oxci^c) — Ay. This defines the desired isomorphism, which we denote by 
^x,T : Six, T) ^ Tcc^s o C{X, T). 

By similarity of definition it follows that Lpx,T is functorial in [X, T), i.e. that for every 
affinely torified morphism / : {X, T) {X', T'), the diagram 

S{X, T) — ^ S{X', T') 

Vx',T' 

Tcc^s ° C{X, T) ^^^-^^'-^f^ , ^^^^^ o C{X', T') 

commutes. Thus we established an isomorphism of functors. □ 

Remark 5.7. As consequence of Proposition 15 . 61 and Theorem 13. Ill we see that for every 
CC-variety X in the essential image of C, the S-object !Fcc^s{X) is an S-variety such 
that J^cc^s{X)z ~ Xz- It is, however, not clear if this holds true if X is an arbitrary 
CC-variety. 

Namely, there are two problems. For simplicity, we assume that X is an affine CC- 
variety with canonical immersion l : X ~* Q{Xz)- 

The first problem is the following. We have X^ = Spec B for some ring B. Put 
X~ — T^Q^giX). Then there is a canonical morphism t~ : X"" T{Xz), but it is not 
clear if the map 

r{R): 2r{R) = MKRJf ^(^t-")) , Ilom{B,Z[{n{R)]) ^Hom(S,i?) 

is injective for all R e TZ (here X, i and t~ denote the usual functors and natural 
transformations) . 

The second problem is verifying the universal property of an S-variety. This is, given a 
scheme V of finite type over Z and a morphism of S-gadgets ip : X"" '^{V)^ we seek a 
morphism of schemes ipz : Xz — > V such that ip — T{lpz) ° t~ ■ This would be implied by 
the universal property for X if we could extend the functor J-cc~*s to a functor J-'(j(j_^s 
from CC-gadgets to S-objects such that 





for some morphism il) : X ^ G{Vi)- The uniqueness of would follow from the 
existence of a left inverse functor to ^cc^s- 

However, the definition of Tcc^s relies strongly on the defining property of a CC- 
variety and we do not see whether there is a way to extend J-cc^s to all CC-gadgets with 
the desired property. We will discuss two attempts in this direction in the following two 
p aragraphs 15.3.11 and 15.3.21 

5.3.1. From CC-gadgets to S-objects. There is a natural definition for a functor J-'(j(j_,g 
from CC-gadgets to S-objects, which, however, does not meet the requirements of Remark 
EH 

Let X = ^c,evjf) be a CC-gadget. We define the S-object T'(j(j^g{X) = 
{2L, Ax , sx ) as follows. If y is an affine S-variety, where — Spec J5 and (i, (.^ : V 
T{Vz) is the canonical immersion, then put XiV) = Ptit Ax = Ox,- {Xc) and 

define for & X{^l{B)), 

CV (VMlb')'^ L* 

exiV)W: Ax ^ WB)] B ®z C Ay 

If ip = {(p,(pc) X ^ X' is a morphism of CC-gadgets, define the morphism of S- 
objects ^cc^si'P) ~ V'c) follows. For V as above, put (p{V) — (p{fj,{B)) and let 
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^p* be the morphism between global sections. One easily verifies that (^^) is indeed a 
morphism using that {Lp,ifc) is one. 

Remark 5.8. One can show that for a torified variety {X, T) that is affine and has maximal 
torified atlas {Ui]i^i with C/q ~ X, the S-gadgets Xq (as defined in section [33] l and 
^cc-fS ° '^(^1 ^) ^1'^ isomorphic. Further, one can show that there is a natural inclusion 
of functors J^'cc^s ^ ^cc^s^ when restricted to the category of CC-varieties. 

The most basic example of X — Gm, however, shows that J-qc^s ^'^^ isomorphic 
to !Fcc->s if restricted to the category of CC-varieties. Consider Gm as a toric variety 
with fan A = {0}. In the usual notation (cf. sections fl . 3 .3 I andl 3 .2b . Aq is an infinite cyclic 
group and Xo = {X_q, Ax, ex) is an affine S-variety with {Xq)z — Gm- Let ^ and X. 

be the functors of ^cc^s ° ^i-^) ^^'^ ^cc^s ° ~ S{X) (cf. Proposition 15.6b . 

respectively. Then 

r(Xo) = Hom(Ao,M(Z[Ao])) = Hom(Ao,{±l}) = {±1}. 
On the other hand, 

i(Xo) - Hom(Xo,Xo) ^ Hom(G„„G„) = Hom(Z[Ao], Z[Ao]) - {ia^j^ez , 

where the inclusion is given by extension of scalars to Z (cf. Lemma [331 ). One sees that 
C XJyXi^). We will show that this inclusion is proper. 

Let m be an integer and let : — > map a to a™. We define a morphism tpm = 
(^^, ?/'m,c) '■ — * Xo as follows. For R ^ TZ,we have 2Lo{R) — Hom(Ao, f^{R))- Put 

V^^(i?): Hom(Ao,M(i?)) ^ Hom(Ao, ^(i?)) 

and let -(Am.c : C[Ao] ^ C[Ao] be the C-linear homomorphism that restricts to ipm- It 
is clear that ip„i is indeed a morphism of S-gadgets for every m G Z and that {ipm)z '■ 
Z[Ao] Z[Ao] is the restriction of V^m.c to Z[Ao]. Concerning our question, we see now 
that (V^m)! (^o) f^mAo]) = {±1} unless m = 0. 

Thus we have shown that J'cc~->s '^^^^ extend Tcc-*S- From ll22l Prop. 4] it fol- 
lows that jr^^^g(G„i) cannot be an S-variety. Regarding the second problem of Remark 
15.71 note that it holds neither true that for a scheme X of finite type over Z, the S-objects 
and Oh(X) are isomorphic. Namely, their functors Xl. and X., respec- 
tively, differ. If V is an affine S-variety with Vi ~ Spec B, then in general 

= Hom(SpecZ[^(B)],X) ^ Hom(SpecB,X) MV) ■ 

5.3.2. /rem S-objects to CC-gadgets. There is also a natural way to define a functor 
Ts^cc from the category of S-objects to the category of CC-gadgets. 

Let X — {X., Ax, ^x) be an S-object. Then we define the CC-gadget Ts-^cci^) = 

( X . Xc, evx) as follows. For a finite abelian group D, put Vd — T(SpecZ[Z?]), which 
is an affine S-variety by EH Prop. 2] and since Z[D] e 7^. Put = XJ^d)- Let 

Afx be the nilradical of Ax- Put Xc ~ Spcc(^x /-^x), which is a complex variety. The 
evaluation map is defined as 

evx: KJ^d) — > Hom(^x,C[i:>]) = Hom(SpecC[L»],Xc) . 

^ ^ ex{D){^/j) 

Remark 5.9. There are several remarks in order concerning the "naturality" of definition. 
Since we stay with the original definition of a CC-gadget in |I3], we only allow complex va- 
rieties, i.e. reduced schemes of finite type over C, in the definition of a CC-gadget. There- 
fore, we have to divide out the nilradical. One can, however, extend Connes-Consani's 
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definition by allowing arbitrary schemes of finite type over C and simply define Xc as the 
spectrum of Ax ■ 

If X is an S-variety representing a scheme that is not affine, we obtain a complex variety 
Xc which is affine. One could, however, exchange the complex algebra by a scheme of 
finite type over C in the definitions of an S-gadget and an S-object, and try to recover 
the results of Soule's paper f22\ . Then one could simply define to take the same complex 
scheme for Ts->cc{X). 

Remark 5.10. Unfortunately, the different nature of Soule's and Connes-Consani's ge- 
ometries over Fi leads to a misbehavior of Ts^cc even if the suggested changes are 
made, as can be seen in the example diX ~ G„i. 

In the same notation as in Remark ISTSl let Aq be the infinite cyclic group and Xq 
the affine S-variety associated to X. Let X. be the functor of SiX) and let X_ be the 

functor of Ts^cc ° S{X). For a finite cyclic group D and Vn as above, we have 
2L{D) = KiYn) = Hom(VD, -'^o)- Base extension from Fi to Z defines the inclusion 

Hom(VD,Xo) ilom{Z[Ao],Z[D]) (cf. Lemma [33]l. Using that ^(Z[i:>]) = Z[i:>]^ 
for finite abelian groups, one can show that conversely every morphism Z[Ao] Z[D] 
defines a morphism Vd Xq. Thus we see that 

X{D) ^ Hom(Ao,M(Z[^])) ^ K^D]) = DJl-D. 

This differs from the CC-variety C{G„i) — (Gm, Gm.Cj evG,„ ) since (Gm(-D) = D, and 
we see that C and J-s^cc o 5 are not isomorphic. Furthermore, the counting function of 
!Fs^cc{X) differs from the counting function of so Ts-^cciX) is not even a 

candidate for a CC-variety representing that produces the right counting function. 

In particular, one verifies now easily that neither ^cc^S ° ^s^cc nor Ts^cc ° 
^'cc^s "^'^ ^S^cc ° ^cc^s is isomorphic to the identity functor of the category of 
S-objects or the category of CC-gadgets, respectively-even if the changes are considered 
as suggested in the previous remark. 

5.4. Putting pieces togetlier. Finally, we subsume the results of this section in a diagram. 
In this section we consider only morphisms that satisfy property S from section 1573] in the 
category of CC-varieties. 

Theorem 5.11. The following diagram essentially commutes (arrows with label "i" are 
the canonical inclusion as subcategories and the arrow with label "f" is the forgetful 
functor). 



Connected integral D-schemes 
of finite type and exponent 1 


■D 




-«lFiZ 



Toric varieties 




Affinely torified varieties 



/ 



Schemes over Z 
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Proof. We label the subdiagrams as follows. 




The functors V and — ^ are mutually inverse by Theorem 14. II Subdiagram A com- 
mutes essentially by Proposition 15.11 and Corollary 15.21 Subdiagram B commutes essen- 
tially by Proposition l5.3l and Corollarv l5.4l Subdiagram C commutes essentially by Theo- 
rem 12.101 Subdiagram D commutes essentially by Theorem l3.6l Subdiagram E commutes 
essentially with the rest of the diagram by Theoi'em l5.6l □ 



6. Concluding Remarks 

6.1. On Chevalley schemes over Fi. Among other reasons, Tits' suggestion of realizing 
Chevalley schemes as group objects over Fi (|23, section 13]) was a main motivation in 
looking for concepts of geometries that have a base extension functor to Z and that some- 
how capture the aspects of usual geometry that can be "expressed by roots of unity". We 
discuss in various examples in how far Tits' suggestion becomes realized by the different 
concepts of Connes-Consani, Soule and Deitmar, respectively. 

To realize a Chevalley scheme G as a group object in one of the discussed notions 
of geometries over Fi means that there is a CC-variety, an S-variety or a D-scheme X, 
respectively, representing G and a multiplication map m : X x X ^ X such that X^ 
together with mz is an algebraic group isomorphic to G. In this case we say that X 
together with m is a group object over Fi. 

Proposition 6.1. For every ti > 0, the Chevalley schemes GJ^ can be realized as group 
objects over Fi in all three notions of geometry over Fi. 

Proof. The crucial observation is that the multiplication G"j x G"j is a toric 

morphism. With this. Theorem 12 . 1 01 implies that together with C{m) is a group 

object over Fi. Theorem 13 . 1 1 1 implies that S{G%) together with S{m) is a group object 
over Fi. Theorem 14. II implies that together with 'D{m) is a group object over 

Fi. □ 

Proposition 6.2. For every n > 0, the algebraic group CS" cannot be realized as group 
object in any of the three notions of geometries over Fi. 

Proof. First, we consider Connes-Consani's concept. Assume there was a group object 
X — {X_^X(c,cvx) with multiplication m representing G". We first want to exclude 
the possibility that the image of cvx{D) : X_{D) Hom(SpccC[£'], G") consists of 
only one element for all finite abelian groups D. If this was the case, then the image of 
evx (D) would consist of the same point x G G"(C) for all finite abelian groups D by the 
functoriality of 2L- But then the composition t o of an automorphism (p : X ^ X given 
by a morphism Xc — > Xc that leaves x fixed but is not defined over Z followed by the 
canonical immersion l : X ^ Gi'^a) would be a morphism of CC-gadgets that does not 
base extend to Z. 

Thus assume that D is a group such that the image of evx{D) has more than one 
element. Then the commutative diagram 



m(D) 

X{D) X X{D) ^2L{D) 



cvx(D)xcvx{D) 



cvx(D) 
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would establish the image of cvx (D) as a non-trivial finite subgroup of the torsion free 
group A"(C[-D]) ~ C'"* where d = #1?, which does not exist. Thus we showed that X 
and m as assumed cannot exist. 

A similar argument shows that G" cannot be realized in Soule's geometry over Fi. 

Since, up to isomorphism, the only D-scheme representing A" is Y ~ the 
existence of a multiplication of Y would imply by Theorem l4.1l that the multiplication of 
G" is a toric morphism, which is not the case. □ 

6.1.1. Chevalley groups as CC-varieties. In their paper |l3|, Connes and Consani show 
that a split Chevalley scheme G over Z is "a variety over F12" (f3 , Thm. 4.10]) and they 
remark that the normalizer of a maximal split torus T in G is a group object over F12, 
but that the multiplication of G is "more mysterious" (ibid. 25). The following example 
shows that neither the multiplication of G nor the multiplication of N has to be defined 
over Fi. 

Let G — Sl(2). Let T be the diagonal torus, N its normalizer in G and B the subgroup 
of upper triangular matrices. We saw in Example II. 19l that we have torifications 

N = 2G,„ c G = 2G,„ n SG^^ U <&l, . 

Write S for the torification of G and by S' the restriction of 5 to A^. Let X — (X , Xc , evx ) 
be C{G, S) and let Y = {Y, Yc, evy ) be C{N, S'). Then 

Y{D) = 2D C MD) = 2D U SD^ U D^ 

for a finite abelian group D. Note that a multiplication of X restricts to a multiplication 
of Y, and thus we only have to show the non-existence of a multiplication for Y. Assume 
there is a multiplication m : Y x Y Y, then for the trivial group D = {0}, we can 
identify y({0}) with W, and ev({0}) : W YdC) = N{C) defines a section to 

1 — ^r(c) — ^N{c) — — ^1 . 

Moreover, the commutative diagram 

m({0}) 

W X W — 



eVy({0})XCVy({0}) 



cvy({0}) 



iV(C) X N{C) — — ^ iV(C) 

that we obtain from the definition of a morphism between CC-gadgets implies that the 
section W N{C) must be a group homomorphism. But this is not possible in the case 
of Sl(2). 

6.1.2. Chevalley groups as S-varieties. The situation in Soule's geometry behaves simi- 
larly except for one remarkable difference. Since all rings i? G 7?^ are by definition flat 
over Z, their additive groups are torsionfree and the group morphism /x(Z) IJ-{R) is 
thus injective. This means that p{R) has a distinguished element of order 2, namely, the 
image of — 1 e /i(Z). This allows us to transfer the idea of Connes-Consani, which is to 
consider Chevalley schemes over F12 (see previous remark and |3, section 4]), to show 
that the normalizer TV of a maximal split torus T in a split Chevalley scheme G is a group 
object in Soule's notion of a geometry over Fi. 

But there is no larger subgroup of G than N that can be realized as a group object in 
Soule's geometry since this would involve additive structure. The argument of Proposition 
16.21 shows that this is not possible as it is not in the situation of Connes-Consani's paper 
(loc. cit.). 

Remark 6.3. A possible way out of the dilemma could be to broaden the notion of a 
morphism in Connes-Consani's or Soule's geometry over Fi. This could possibly be done 
by a motivic theory over Fi as already motivated in 1118] . 
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6.1.3. Chevalley groups as D-schemes. A Chevalley scheme can be realized in Deitmar's 
notion of a geometry over Fi if and only if the Chevalley scheme is a toric variety and the 
multiplication is a toric morphism. This class of Chevalley schemes is precisely the class 
of split tori. 

6.2. Odds and ends. As we have noted in Remarks |2!9l and [3?8l different (affine) torifica- 
tion can lead to non-isomorphic CC-gadgets or S-objects, respectively. One may put the 
question: shall it be an essential feature of a geometry over Fi to obtain different forms of 
a torified variety by choosing different torifications? There are two possible approaches to 
avoid the ambiguity of a torification: weakening the notion of morphism to gain isomor- 
phic CC-varieties by different choices of torifications or using the following notion. We 

o 

call a decomposition X = W^^jYi regular if for every i ^ I there exists Ji ^ I such 

o 

that Yi — j.Yj. In other words, the Zariski closure of each of the schemes in the de- 
composition decomposes through the same decomposition. Whenever a torified variety X 
has a regular torification and any two regular torifications lead to isomorphic CC-varieties, 
then one can declare the corresponding isomorphism class of CC-varieties as the canoni- 
cal model ofX over Fi. Note that split tori, affine space, projective space and flag varieties 
have a unique isomorphism class of regular torifications. We do not know whether this is 
the case for all torified varieties. 

A second matter is the problem of the realization of the Grassmannian Gr(2, 4) over Fi 
as posed by Soule ([22 , Question 3]), which stays open. It is not at all clear to us what this 
should be in Soule's geometry over Fi. Concerning Connes-Consani's notion, we present 
in this paper the candidate £(Gr(2, 4), T), where T is a torification given by a Schubert 
cell decomposition. Since, however, T is not an affine torification, this CC-gadget fails 
to be a CC-variety. A possible solution could be searched in relaxing the notion of a 
CC-variety in an appropriate way. 

Note that the idea of establishing affinely torified varieties {X, T) as varieties over Fi 
is quite flexible. We showed that it works in both Soule's definition and Connes-Consani's 
definition. It further works with the modifications recently suggested by Connes and Con- 
sani in the end of their paper [3^|: There is a natural extension of the functors from finite 
abelian groups to monoids with distinguished elements and 1 since the CC-gadgets of 
torified varieties is defined in terms of homomorphism sets Hom(j4i , — ), where the Ai are 
free abelian groups. First note that it is not essential for our construction that we restrict X 
to finite abelian groups, but we can allow arbitrary abelian groups. Secondly, every homo- 
morphism from a group into a monoid factorizes through the group of invertible elements 
of the monoid. Further, one might exchange the complex variety by a functor on rings 
that yields a reduced scheme of finite type over any ring. Namely, the result lH Thm. 5.1] 
holds true for affinely torified varieties due to Lemma [L2l there is a natural definition of 
evaluations ev^.A : ^ ^ -^a{A[—]) for every ring A and Xa = X (JJz A. If A is a field 
and M its multiplicative monoid, then 

X{M) Xa{A[M]) Xa{A) 

is a bijection, where the latter morphism is induced by the A-linear map A[M] A 
identifying M with A. 
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